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Abstract 
          In this paper, presentation ideals in locally multiplication modules are studied. It is known 

that if   is a multiplication   module and     are submodules of  , then      and   
  , for ideals     of   and the product   , is defined as       . We generalize this concept 

to locally multiplication modules and we prove that under certain conditions some results that 

concerning presentation ideals in multiplication modules can be generalized to locally 

multiplication modules.  
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1. Introduction 

Let   be an   module.   is called a 

multiplication module if for each submodule 

  of  , there exists an ideal   of   such that 

    [2]. Equivalently, if for any 

submodule   of  , we have   (   )  

[12], where (   )  *        + is an 

ideal of  .   is called a locally 

multiplication module if    is a 

multiplication    module for each maximal 

ideal   of  [6]. For      , we define 

  ( )  *                     +. 
For a submodule  , we define   ( )  *  
      , for some      +. 
Especially, if    , then   ( )  *  
      , for some      + and   is 

called a primal submodule of   if   ( ) 
forms an ideal of  [1]. A proper submodule 

  of   is called a prime submodule if for 

       , the condition      implies 

that     or     [12]. Moreover   is 

called a weakly prime submodule if 

whenever       , where       
 , then     or     [2]. Also,   is 

called an   ( )  weakly prime submodule 

of  , if    is a weakly prime submodule of 

   for each maximal ideal   of   with 

  ( )   [7]. A non empty subset   of   is 

called a multiplicative closed set if     and  

       implies that     [9]. If   is a 

multiplicative closed set in  , then one can 

easily makes    as an    module under the 

module operations 
 

 
 
 

 
 
     

  
 and  

 

 
 
 

 
 
  

  
, for 

 

 
    and  

 

 
  
 

 
   [10]. 

Hence, when we say    is a module we 

mean    is an    module. A submodule   

is said to have a presentation ideal if   
  , for some ideal   of   and   is called the 

presentation ideal of  [2]. If   is a 

submodule of   and       , then by    

we mean the product (  )  and by     we 

mean the product (  )(  )[2]. If   is a 

multiplication   module and     are 

submodules of  , then      and     , 

for some ideals     of  . The product   , of 

  and  , is defined as        and it is a 

submodule of  [2], in this case       . 
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For a submodule  , the radical of  , denoted 

by √ , is defined as the intersection of all 

prime submodules of   that contain  [2]. 

We define the annihilator of   as      
(   )  *        +.   is called 

finitely generated if there is a finite subset 

  *          + of   that generates   

and in this case we write         

            [4].   is called a faithful 

module if      (   )   [11]. If   is a 

finitely generated faithful   module and   

is a multiplicative closed set in  , then    is 

a finitely generated faithful    module[3]. 

The primal spectrum of  ,       , is 

defined as the set        *     is a 

primal submodule of  +[5]. 

 

2. The Main Results 

 

Theorem 2.1. Let   be a finitely generated 

locally multiplication   module and   is a 

proper submodule of  . If   and   are 

submodules of   and   is a maximal ideal of 

  such that   ( )   , then   is a weakly 

prime submodule of   if and only if 

whenever          , then     or 

   . 

Proof. Let   be weakly prime and let   and 

  be submodules of   such that        
  . By [8, Proposition 2.21],    is a weakly 

prime submodule of   . As   is finitely 

generated and locally multiplication, then    

is finitely generated multiplication. Hence, 

by [2, Theorem 2.6], we have       or 

     . If      , then for    , we 

have 
 

 
    and as   ( )   , by [8, 

Lemma 2.1], we get    , so that     

and if      , then by the same argument 

we get    . Conversely, suppose that the 

given condition is satisfied and we show that 

   is a weakly prime submodule of   . So 

let    ̅ ̅    , for the submodules  ̅ and 

 ̅ of    and then  ̅     and  ̅    , for 

submodules   and   of  , so that   
       , and then by the given condition 

we get     or    , which gives that 

      or       and as    is a finitely 

generated multiplication    module, so by 

[2, Theorem 2.6], we have    is a weakly 

prime submodule of    and as   ( )   , 

by [8, Proposition 2.21], we have   is a 

weakly prime submodule of  . ■ 

Remark 2.2. If   is a submodule of an 

  module  ,   is a maximal ideal of   and 

if   has a presentation ideal  , then    is a 

presentation ideal of   . Indeed, let     , 

then clearly    (  )       and then    

is a presentation ideal of   . 

A natural question is that, if    has a 

presentation ideal   , where   is an ideal of 

 , then under what conditions   will possess 

the ideal   as a presentation ideal ?.  

The following result will answer this 

question. 

Proposition 2.3. Let   be an   module 

and   a maximal ideal of  . If   is a 

submodule of   such that    has a 

presentation ideal   , where   is an ideal of   

and   ( )      (  )   , then   is a 

presentation ideal of  .  

Proof. We have         (  ) . Let 

   , then 
 

 
 (  ) , so that      , for 

some    . If     , then we get   
  (  )   , which is a contradiction. So 

that      and hence     . Let     , 

then 
 

 
    and as   ( )   , by [8, 

Lemma 2.1], we get    . So      and 

thus     . This means that   has a 

presentation ideal  . ■ 

By using, Remark 2.2 and Proposition 2.3, 

we get the following theorem. 

Theorem 2.4. Let   be an   module and   

is a maximal ideal of  . If   is an ideal of   

and   is a submodule of   such that 

  ( )      (  )   , then   is a 

presentation ideal of   if and only if    is a 

presentation ideal of   . 

Definition2.5. Let   be an   module. If   
is an ideal of  , then we define: 

   *                     + and   
       , where   is an ideal of  . 

Proposition 2.6. Let   be a local ring with   

as its unique maximal ideal and   be a 
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locally multiplication   module. Let 

         . If           , then we 

have the following.  

(1) If     , for all    , then     . 

(2) If     , for all    , then     . 

(3)If     , for all        , then 

    . 

Proof. (1) Let 
 

 
   , for        . 

Then     , for some    . By using [7, 

Corollary 2.9], we have  
 

 
   (

 

 

 

 
)   

  

  
   (   )   . Now,    is a 

multiplication    module, so by [2, Lemma 

2.5], we get        . Let   ̅ be a 

presentation ideal of   , so by [7, 

Proposition 2.16], we have  ̅    , for some 

ideal   of   and similarly, let   ̅ be a 

presentation ideal of   , so a gain we have 

 ̅    , for some ideal   of   and then 

              (   ) . As     , 

so     , so we get   is a primal 

submodule. Hence,   ( )   . By [8, 

Lemma 2.1], we have      . Since  ,  , 

   and    are primal, so we have 

  ( )   ( )   (  ) and   (  ) are 

ideals of   and thus   ( )   ( ),   (  ) 
and   (  ) all are subsets of  . Since    is a 

presentation ideal of    and    is a 

presentation ideal of   , so by Theorem 2.4, 

  is a presentation ideal of   and   is a 

presentation ideal of  . This means      

and     , so we have         . 

(2) It can be proved by the same technique as 

in (1). 

(3) Let 
 

 
    and 

 

 
   , for       and 

     . Since     are primal submodules, 

so   ( )   ( ) are ideals of  , so   ( )  
  and   ( )   . Then by [8, Lemma 2.1], 

    and    . Then      and     . 

Then 
 

 

 

 
 
 

 

 

 

 

 

 

 
 
    

    
  . As    is a 

multiplication    module, so by [2, Lemma 

2.5] we get       . Moreover,         

and        , for ideals    and    of    

and thus               (   ) . 

Since   ( )   , then by [8, Lemma 2.1], 

we get      . Next, we use the same 

argument as in (1) to get that     . ■ 

     It is known that, in a multiplication 

module, every submodule has a presentation 

ideal and now, we prove that under certain 

conditions this property of multiplication 

modules can be generalized to locally 

multiplication modules. 

Theorem 2.7. Let   be a locally 

multiplication   module and   a maximal 

ideal of  . If   is a proper submodule of   

such that   ( )    and    , then   is a 

multiplication submodule of  . 

Proof. We have    is a multiplication 

   module. So that,    has a presentation 

ideal say         (  ) . We now 

show   (  )   . Let     (  ). Then 

     , for some     . Next, 
  

 
   , 

and by [8, Lemma 2.1], we have     . If 

   , then  as    , we have     , so 

that     , which is a contradiction. Hence 

we must have     and so     ( )   . 

So that   (  )   . Hence, by Proposition 

2.3,   is a presentation ideal of  . ■ 

Theorem 2.8. Let   be a finitely generated 

faithful locally multiplication   module. 

Let  ,  be weakly prime submodules of   

that are not prime with      . If   is a 

maximal ideal of   such that   ( ) 
  ( )    ( )   , then     . 

Proof. By the same argument as in Theorem 

2.7, we get that      and     , where 

        (  )  and         
(  ) with   (  )    and   (  )    

and that       . Next, we have    is a 

multiplication    module, so    is a 

finitely generated faithful    module. Now, 

as   and   are weakly prime and not prime 

and   ( )   ( )   , so by [8, 

Proposition 2.21(2)] we have    and    are 

weakly prime which are not prime. So by [2, 

Corollary 2.8], we have       , which 

means that (   )               . 

As   ( )   , so by [8, Lemma 2.1], we get 

      and then         . ■ 

Proposition 2.9. Let   be an   module 
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and   a maximal ideal of  , then (√ )  

√  . 

Proof. Let 
 

 
 (√ ) , for     and    . 

Then    √ , for some    . Now, let  ̅ 

be any prime submodule of   . Then by [8, 

Lemma 2.27],  ̅    , for the prime 

submodule   *    
 

 
  ̅+ and 

  ( )   . So, we get      and if    , 

then we get      ( )   , which is a 

contradiction. So we must have    , which 

gives that 
 

 
     ̅. Hence we get that 

 

 
 √  , that gives (√ )  √  . ■ 

Proposition 2.10. Let   be a local ring with 

the unique maximal ideal   and   an 

  module. Then √   (√ ) . 

Proof.  Let 
 

 
 √  , for     and    . 

Let   be any prime submodule of  . If 

  ( )   , then there exists     ( ) and 

   , so that      for some    . But as 

  is the unique maximal ideal of   and   
 , then   is a unit of  . Thus       
       , which is a contradiction, so that 

  ( )   . Thus by [8, Proposition 2.21], 

   is a prime submodule of    and thus 
 

 
   . By [8, Lemma 2.1], we get     

and so   √ , from which we get  
 

 
 

(√ ) . Hence √   (√ ) . ■ 

Proposition 2.11. Let   be a local ring with 

unique maximal ideal  . Let   be a finitely 

generated faithful locally multiplication 

  module and   be a weakly prime 

submodule of   that is not prime with 

  ( )      ( )   . If          , 

then  √   .   

Proof.    is a finitely generated faithful 

   module and    is a multiplication 

   module. As   is weakly prime but not 

prime and   ( )   , by [8, Proposition 

2.21], we have    is a weakly prime 

submodule of    but not prime. Thus by [2, 

Theorem 2.7], we get   √     and by 

using Proposition 2.9, we get   (√ )   . 

Now, as    is a multiplication module, 

        and (√ )       for some 

ideals   and   of  . So     (√ )  
(   )  and as   ( )   , by [8, Lemma 

2.1],      . Since    is primal, so 

  (  )   , then by Theorem 2.4,   is a 

presentation ideal of   and so     . We 

now show that   (√ )   . Let   

  (√ ), so    √ , for some   √ . Then 

there exists a prime submodule   of   such 

that     , which gives     ( ). Since a 

prime submodule is primal [1], then   is a 

primal submodule of   and so we get 

  ( )   . Thus    . Hence   (√ )    

and also as    is primal, we have   (  )  
  and thus by Theorem 2.4,   is a 

presentation ideal of √ . Hence √     

and so  √       .■ 

Theorem 2.12. Let   be a ring,   be a 

maximal ideal of   and   be a locally 

multiplication   module. If   is a weakly 

prime submodule that is not prime with 

  ( )    and   (  )   , for any ideal   
of  , then     . 

Proof. As   ( )   , by [8, Proposition 

2.21], we have    is a weakly prime 

submodule of    that is not prime. By 

assumption    is a multiplication 

   module, thus by [2, Corollary 2.3], we 

get (  )
   . Let    be the presentation 

ideal of   , that is        . Then 

(   )                and as 

  ( )   , by [8, Lemma 2.1], we get 

     . Since   (  )    and    is a 

presentation ideal of   , then by Theorem 

2.4,   is a presentation ideal of   and thus 

    . So we get           
     . ■ 

Theorem 2.13. Let   be a multiplication 

  module. If   is an   ( )  weakly 

prime submodule that is not prime with 

  ( )    ( ) and          , then 

    . 

Proof. As   is primal,   ( ) is a proper 

ideal of   (since     ( )), so   ( )    

for some maximal ideal   of  . So we have 
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  ( )    ( )   . As   is a 

multiplication module, then      for 

some ideal   of   and then       . Now 

by [8, Proposition 2.3], we have    is a 

multiplication    module and as   is an 

  ( )  weakly prime submodule,    is a 

weakly prime submodule of   . Now, if 

possible suppose that    is a prime 

submodule, we claim that   is a prime 

submodule of  . Let for        , 

    , then 
 

 
 
 

 
   , so we get either 

 

 
    or 

 

 
     . If 

 

 
   , then by [8, 

Lemma 2.1], we get     and if 
 

 
   

  , then by [7, Corollary 2.9], we get 

(  )  
 

 
     . Next, for any    , 

we have 
 

 
 
 

 
 
  

 
    and again by [8, 

Lemma 2.1], we get      and so we get 

    , so that   is prime, which is a 

contradiction. Hence    is not a prime 

submodule. So by [2, Corollary 2.3], we have 

(  )
   . Now,   (  )

       
       (   )  ( 

  )  and since 

  ( )   , so by [8, Lemma 2.1], we get 

     , that is     . ■ 
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